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Abstract 

In the present paper, we provide a construction of the multiplicative Borcherds lift for 
unitary groups U(l, m), which takes weakly holomorphic elliptic modular forms as input 
functions and lifts them to automorphic forms having infinite product expansions and 
taking their zeros and poles along Heegner divisors. In order to transfer Borcherds' 
theory to unitary groups, we construct a suitable embedding of U(l,m) into 0(2, 2m). 
We also derive a formula for the values taken by the Borcherds products at cusps of the 
symmetric domain of the unitary group. Further, as an application of the lifting, we 
obtain a modularity result for a generating series with Heegner divisors as coefficients, 
along the lines of Borcherds' generalization of the Gross-Zagier-Kohnen theorem. 
2010 Mathematics Subject Classification: 11F27, 11F55, 11G18, 14G35. 
Key words and phrases: Borcherds product, unitary modular form, Heegner divisor, 
unitary modular variety 

1 Introduction and statement of results 

In [2] , [3] , Borcherds constructs a multiplicative lifting taking weakly holomorphic mod- 
ular forms to automorphic forms on orthogonal groups of signature (2,6). These auto- 
morphic forms have infinite product expansions as so called Borcherds products and take 
their zeros and poles along certain arithmetic divisors, known as Heegner divisors. In the 
present paper, we provide a construction of this lifting for unitary groups of signature 
(l,m). 

A weakly holomorphic modular form for SL 2 (Z) is a function / on the complex upper 
half-plane H = {r G C; > 0}, which transforms as an elliptic modular form, is 
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holomorphic on H and is allowed to have poles at the cusps. Thus, / has a Fourier 
expansion of the form 

n3>— oo 

where, as usual e(w) = exp(27rmr). The principal part of / is given by the Fourier 

polynomial J2 n <o c ( n ) e ( nT )- 

Let d be a square-free integer, with d < 0. Denote by F the imaginary quadratic 
number field Q(Vd) and by O v the ring of integers in F. The inverse different ideal, 
denoted V^ 1 , is the Z-dual of Or with respect to the trace Trp/Q. Let Df be the 
discriminant of F. We denote by S the square- root of D%, with the principal branch of 
the complex square-root. Then, as a fractional ideal, T>^ 1 is given by 5~ 1 Ow- 

Let V — Vp be an F- vector space of dimension 1 + m, equipped with a non-degenerate 
hermitian form (•, •) of signature (l,m). Note that = (x,x) is a rational-valued 
quadratic form on Vf. Denote by Vf(C), (•, •) the complex hermitian space Vf(C) = 
Vf <8>f C with (•, •) extended to a C- valued hermitian form. 

We denote by L an even hermitian lattice in Vp, i.e. an 0F-submodule with L cg>ei F F = 
Vp and with (A, A) G Z for all A 6 I. For the purposes of this introduction, assume L to 
be unimodular. Further, we assume that L contains a primitive isotropic vector £ and a 
second isotropic vector £', with (£,£') ^ 0. Additionally, in the present introduction we 
assume {£,£') = —5 -1 . 

Denote by U(V) the unitary group of Vf, (•, •) and U(V)(K) the set of its real points, 
thus U(V)(1R) ~ U(l,m). We denote by U(L) the arithmetic subgroup of U(l / ) which 
acts as the isometry group of L. We consider T = U(L) as the unitary modular group. 

The hermitian symmetric domain for the action of U(V)(IR) is isomorphic to the 
positive projective cone 

/Cu = {[v]e P 1 (\/ F )(C); >0}. 

For each [t>] e /Cu, there is unique representative of the form z = — r£ + a, with cr 
negative definite. Now, the symmetric domain can be realized as an unbounded domain, 
called the Siegel domain model: 

n v = {(r,a)eCxC m ; 2Sr|5p 2 > -(a,a)} . 

The action of U(V)(1R) on T-L\j induces a non-trivial factor of automorphy, ^(7; r, a). 

Let k be an integer, T a subgroup of finite index in U(L) and x a multiplier system of 
finite order on T. A unitary automorphic form of weight k on T with multiplier system 
X is a meromorphic function / : "Hu ~ > C which satisfies 

/( 7 (r, a)) = j(7; 7", ^r) fc x(7)/(^ or) for all 7 G T. 

An automorphic form is called a modular form if it is holomorphic on Tiy and regular 
at the cusps of 

Let A G L be a lattice vector with negative norm, i.e. (A, A) < 0. The complement 
of A with respect to (•, •) defines a codimension one subset of the projective cone /Cu, 
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denoted H(A). The corresponding subset of %\j is the support of a primitive divisor, a 
prime Heegner divisor, which we also denote H(A). 

For a negative integer n, the Heegner divisor H(n) of index n on Tin is the T-invariant 
divisor defined as the locally finite sum 

H(n):= H ( A )- 

{X,X)=n 

Write Of in the form Z + £Z. Then, for L a unimodular lattice containing a primitive 
isotropic vector £ and a second isotropic vector £', with = —S^ 1 , our main result 

can be stated as follows: 

Theorem 1.1. Given a weakly holomorphic modular form f for SL^Z) of weight 1—m, 
with a Fourier expansion of the form E n »-co c W e ( RT )' Assume that f has integer 
coefficients in its principal part. Then, there is a meromorphic function H/(r, a) on Tin 
with the following properties 

1. H/(r, a) is an automorphic form of weight c(0)/2 for U(L). 

2. The zeros and poles ofEf lie on Heegner divisors. We have 

n<0 
c(n)^0 

with the Heegner divisors H(n) as introduced above. 

3. Near the cusp corresponding to i, the function B.f(r, a) has an absolutely converging 
infinite product expansion, for every Weyl chamber W , of the form 

E f (r,a) = Ce{5(z,p f (W))) J] (l - e A»), 

(X,W)>0 

where, as above, z = £' — t£ + a , C is a constant of absolute value 1 and Pf(W) is 
the Weyl vector attached to W ; K denotes a 7*-submodule of L, of rank 2m. Here, 
K can be written in the form K = Z(£ © W © D, with D negative definite. The 
positivity condition (A, W) > depends on the Weyl chamber. 

4- The lifting is multiplicative. We have Hj +5 (r, a) = H/(r, a) ■ H s (r, a). 

The Weyl chambers occurring here are connected components of "Hu defined by in- 
equalities depending on the principal part of the input function /, see section [7] below. 

The boundary components of H,\j consist of isolated points. The boundary point 
associated to £ corresponds to the cusp at infinity of Wxs- Since the lift 5/ is meromorphic, 
a priori, it may have a pole at this cusp. However, under the assumption that 5^ is 
regular there, we have the following result: 
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Theorem 1.2. Let W be a fixed Weyl chamber containing a neighborhood of infinity. 
Assume that Sj(r, a) is regular at the cusp of H\j corresponding to i, then either the 
limit lim r ^j 00 S j(r, cr) vanishes or 

lim ~ f (T,*) = CeffiW) e ) J] (l- e K)) C( °' A) , 

T— HOO 

A=/<l 

Ke<Q>o 

where pf{W)e denotes the i-component of the Weyl vector pf(W). 

In [4] Borcherds obtained a result on the modularity of Heegner divisors , which, using 
Serre duality for vector bundles over Riemann surfaces, can be seen as a consequence of 
the existence and the properties of the Borcherds lift. 

We extend a result of this type to Heegner divisors on Let X r = T\Hu be the 
unitary modular variety and 7r : Xr — > Xr a desingularization. Denote by CH 1 (Xr) the 
first Chow group of Xr- Recall that Pic(Xr) — CH^Xr). We consider a modified Chow 
group CH^XrV-B, where B denotes the subgroup of boundary divisors of Xr. Let Ck 
be the sheaf of meromorphic automorphic forms on Xr- By the theory of Baily Borel, 
there is a positive integer n(T), such that for every positive integer k divisible by n(T), 
the pullback of defines an arithmetic line bundle in Pic(Xr). We denote its class in 
the modified Chow group by ci (£&-). More generally, for k £ Q, we define a class in 
(CH 1 (Xr)/-B) ( Q = (CH 1 (Xr)/i3)®zQ by choosing an integer n, such that kn is a positive 
integer divisible by n(T), and setting c\{Ck) = ^ci As the Heegner divisors are 
Q-Cartier on Xr, their pullbacks define elements in (CH 1 (Xr)/S) ( Q. 

For a unimodular lattice L, our modularity result can now be formulated as follows. 

Theorem 1.3. The generating series 

A(t) = Cl (£_ 1/2 ) + £V (H(n)) q n £ Q[[q]] ® (CH\X r )/B) Q 

is a modular form valued in (CH 1 (Xr)/B) ( Q. More precisely, A(r) is an element of 
A^ 1+m (SL 2 (Z)) ® (CH^XtVBq). 

We derive a more general version of this theorem, where L is not assumed to be 
unimodular and V is an arbitrary unitary modular group in section [TUl Recently, a similar 
result has been independently obtained by Liu, in [14], using a completely different 
approach. 

The paper is structured as follows: In sections [2] and |3] we describe the basic setup 
and introduce notation used in following chapters. Section |2] covers the basic theory for 
unitary groups, in particular the theory of hermitian lattices, the construction of the 
Siegel domain model and the definition of modular forms. In section [3] we recall the 
theory of modular forms on orthogonal groups of signature (2, 2m) and in particular 
the construction of the tube domain model %o for the symmetric domain. Most of the 
content of this section is well-known, more detailed accounts can be found in [7] or [3]. 
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Section H] is in a sense the technical heart of the paper. The (m + l)-dimensional 
hermitian F-vector space Vp, (•, •) is identified with the underlying rational (2m + 2)- 
dimensional Q-vector space, denoted Vq and equipped with the bilinear form (-,-) := 
Tt]f/q(-, •). From this, we get an embedding of U(V) into SO(l/). This, in turn, induces 
an embedding of the corresponding symmetric domains. Our objective is to realize this 
as an embedding of the Siegel domain model "Hu into the tube domain model Ho, which 
is compatible with the complex structures of both Tiu an d "Ho an d with the geometric 
structure resulting from the choice of cusps. 

The following sections cover some of the prerequisites for the Borcherds lift. In section 
|5]we recall the Weil representation pi of SL 2 (Z) on the group algebra C[L'/L] and the 
definition of weakly holomorphic vector valued modular forms transforming under pp. 
In section El we introduce the Heegner divisors on and show how these can also be 
described through the restriction to the embedded %u of Heegner divisors on Hq, which 
occur in Borcherds' theory for orthogonal groups. Finally, section [7] covers the definition 
of Weyl chambers of H\j which is derived from that of Weyl chambers of "Ho- 

Our main theorem is presented in section [HJ the proof given here is based on Borcherds' 
seminal paper [3]. We apply the machinery of the pullback under the embedding from 
section H]to the proof of Borcherds' theorem 13.3 from [3]. 

In section we take the Borcherds products constructed in the preceding section and 
evaluate their limit on the boundary of We obtain a more general form of theorem 
11.21 above. 

In the last section, section [101 we derive the modularity statement for Heegner divi- 
sors sketched as 11.31 We start with a slight reformulation of a result of Borcherds' on 
obstructions, see pJj. The modularity result then quickly follows from our main theorem. 



2 Hermitian spaces and modular forms for unitary 
groups 

The number field F Denote by d a square-free negative integer. Consider the imagi- 
nary quadratic number field F = Q(\/d). Denote by D$ the discriminant of F, and by 
S its square root, where the square root is understood as the principal branch of the 
complex square root. We have 



d if d = 1 mod 4, 
Ad if d = 2, 3 mod 4. 



Let O : be the ring of integers of F and write = Z + CJL, with 

5/2 if Dp is even, 

1 (1) 
-(1 + 5) if Z^isodd. 

The inverse different ideal V^ 1 (also called complementary ideal) is the Z-dual of Of 
with respect to the trace Tt f /q. As a fractional ideal, 1 = 5~ l O^. 
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A hermitian space Let Vp be a vector-space of dimension 1 + m over F, equipped with 
a non-degenerate hermitian form (•,•), indefinite of signature (l,m), with m > 1. We 
define (•, •) to be linear in the first and conjugate-linear in the second argument, 

(ax, f3y) = aj3(x,y), for all a,(3<EF. 

By Vp(C) we denote the complex hermitian space Vp Cg)p C, with (•, ■) extended to a 
complex hermitian form. 

Note that with the non-degenerate, symmetric bilinear form is defined as (•, ■) := 
Tr F /Q(-,-), Vp becomes a quadratic space over Q. The corresponding real quadratic 
space is denoted Vq(R), (•,•), where the extension of (•, •) to a bilinear form over R is 
equal to 23R(-, •>. 

Hermitian lattices By a hermitian lattice in Vp, we mean an Op-submodule L of Vp 
with L <g>o r ¥ = Vp, equipped with the hermitian form (•, •) \l- 

A lattice L is called integral, if (A,/x) G V^ 1 for any A,|i6 L. Further, L is called 
even, if (A, A) G Z, for any A G L. 

The dual lattice L' is defined as 

L' = {veV- (A, u) G £> F 1 for all A G L}. 

If L is an integral lattice, then L C L'. A lattice is called unimodular, if it is self-dual. 

Let L be an integral hermitian lattice. The quotient L'/L is a finite Cp-module, called 
the discriminant group of L. 

Remark. IfVf is considered as a rational quadratic space with the bilinear form (•, •), a 
lattice L is a quadratic Z-submodule of maximal rank. If a hermitian lattice L is integral 
or even by the above definition, it is also by the usual definition for quadratic lattices as 
Z-modules. Also, the dual of L with respect to (•, •) is also given by L' . 

Now, assume that Vf contains an isotropic vector. (This assumption is trivial if 
m > 2.) Then, if L is an (even) hermitian lattice in V, we may choose a primitive 
isotropic vector £ in L and there exists a lattice vector £' G L' with {£,£'} ^ 0. 

Assumption 2.1. In the following, whenever dealing with a hermitian lattice L, we will 
assume the following 

1. L is even. 

2. There is a primitive isotropic vector £ G L. 

3. The dual lattice contains a vector £' with (£, £') ^ and which is also isotropic. 

Example 2.1. Consider the Op-module H = Of ©D^ 1 , generated by 1 and 8 _1 . This 
is a lattice m Vf = F 2 . With the indefinite hermitian form (•, •) given by 

((x,y),(x',y')) =xy' + yx', 

the lattice H has signature (1,1), is even and unimodular. A hermitian lattice isomorphic 
to H is called a hyperbolic plane over Of. Here, we may choose £ = (1, 0) G Of and £' 
any element ofV^ 1 . 
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Finally, for the hermitian lattice L, with £ and £' as above, we denote by D the 
complement of £ and £' with respect to (•, •) in L, 

D = {k G L; (kJ) = (k,0 = 0}. 

Unitary groups The unitary group of Vw is the subgroup of GL(V) preserving the 
hermitian form, 

U(V) = {geGL(V);{gx,gy) = {x,y) for all x,yeV ¥ }, 

We consider U(V) as an algebraic group defined over Q. The set of its real points, 
U(V)(R), is the unitary group of Vp(C). 

Let L be a hermitian lattice in Vjr. The isometries of L define an arithmetic subgroup, 
consisting of the integer points of U(V), 

XJ(L) = {geXJ(V); g(L) — L} . 

We shall consider the subgroups of finite index in U(L) as unitary modular groups. 
In particular, the discriminant kernel is the subgroup of U(L) acting trivially on the 
discriminant group, denoted by T^. 

The Siegel domain model A standard symmetric domain for the operation of 
U(V)(1R) is given by the quotient 

V(V)(R)/C V ~ U(l,m)/(U(1) x U(m)). 

with C\j a maximal compact subgroup. It can also be described as the following positive 
cone in the projective space P 1 (V^-)(C), 

/Cu = {[v]e ¥\V ¥ )(C) ■ (v,v) > 0, for all v G [v]} . 

We can also realize /Cu as an unbounded domain, denoted by Hy. To this aim, for each 
[v] G /Cu, we choose a representative z of the following form, 

z = £> -S(£',£) T £ + a, (2) 

with a in the complement D ® 0v C of £ and £'. Then by the positivity condition, 

(z,z) = 2\5\\(£',£)\ 2 %t+ (a,a) > 0. 

The set of (r, a) satisfying this equation, is thus an affine model for /Cu, 

H v = {(r,a) GCx (D ® 0f C) ; 2\(£', £) | 2 3r > -{a, a)} . 

We call %\j the Siegel domain model. To each pair (r, a) G we can uniquely associate 
a z G Vf(C) with [z] G /Cu of the above form, which we denote as z(t, a). Note that the 
operation of U(y)(R) on %\j gives rise to a non-trivial automorphy factor. 
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Parabolic subgroups and the stabilizer of a cusp The choice of the isotropic vector 
£ corresponds to choosing a boundary point [£] G P 1 (Mf)(C) of /Cu- This is the cusp at 
infinity of T-Ljj. 

Denote by P{£) the stabilizer in U(V) of the one- dimensional isotropic subspace ¥£ in 
Vp. We consider the following transformations contained in P(£): 

(i) [h,0]:v ^ v - (v, £}5h£ for h G Q, 

(ii) [0,i]:»4i; + (« ) ^-(i; I ^-J(«^(t,i)< for t G £> ®o F F. 

Transformations of the form (ii) are called Eichler transformations. The action of these 
transformations on a point (r, a) of H\j is given by 

[h, 0] : (r, a) ^ (r + fc, a), [0, f] : (r, a) h- (r + ^ + IM, + ty) . 

The set of pairs [/i, t] is the Heisenberg group attached to £, denoted H(£). Its group law 
is given by 

[h,t]o[h',t}= [h + h' + ^^-,t + t'}. 

The full stabilizer of the cusp attached to £ is the following semi-direct product 

P(£) = H(£)txXJ(D ® OF F), 

with as direct factor the unitary group of the definite subspace D ® 0v F, considered as 
a subgroup of U(l / ). 

Proposition 2.1. If T is a subgroup of finite index in U(L), then there is a positive 
integer N and a lattice D of finite index in D, such that [h,t] G T fl P{£), for all 
h e NZ, t e D. Further, e iVZ ; /or a// t,t' e D. 

Compactification Let T be a unitary modular group and T(£) —Fd P{£). 

The modular variety X? is given by the quotient Y\H\j. In order to compactify X-p 
we introduce suitable neighborhoods of the cusps. Modulo U(l / )-translates, it suffices 
to describe this for the cusp at infinity in the affine model: 

Definition 2.1. For a real number C > 0, define the following T(£) -invariant sets 

H% = {(t,<j); 2\5\\(£',£)\ 2 %(T) + (a,a) > C) cCx {D® 0v C), 
and ?/g = ^U{oo}. 

A topology on H\j U {oo} can now be defined as follows. A subset U C 7i\j U {oo} is 
calle d op en, if, firstly, U fl Tiy is open in the usual sense and, secondly, if oo G U implies 
that U% C U for some C > 0. 
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From this definition, it is clear that the action of T(£) extends continuously to Hxj U 
{oo}. Further, with the quotient topology, the quotient space 



T(£)\ (H v U {oo}) = (r(£)\Hu) U {oo}, 

is locally compact. A family of compact neighborhoods of infinity is given by the sets 

T(£)\H°, for C G E, C > 0. 

To see that (Tiy U {oo}) is a complex space, proceed as follows. 

Denote by Xp = r(£)\(%uU{oo}) . We define the complex structure on Xp as follows. 
For an open set V C Xp, let U C HuU{oo} be the inverse image of V under the canonical 
projection pr : %jj U {00} — > Xp. Further we let U' be the inverse image of U in T-Ljj. 
We have the diagram 

H v •Hu U {00} Xp= 



U' U V . 

Now, define 0(V) to be the ring of continuous functions / : V — > C, such that the 
pullback pr*(/) is holomorphic on U' . By the usual methods of algebraic geometry, this 
defines a sheaf of rings O on X£, and the pair (X£, O) is a locally ringed space. By the 
theory of Baily Borel [lj , the following statement holds: 

Proposition 2.2. The space (X£, O) is a normal complex space. 

Note that Xp still has singularities at the cusps and at elliptic fixed points of T. For 
torsion-free modular groups, Xp has singularities only at the cusp, the existence of such 
modular groups is assured by a result of Borel 0. The singularities at the cusps can be 
resolved, this carried out in the author's thesis [12]. Also cf. [TTJ, [13] and [9]. 

Modular forms Denote by j(j;r,cr) the automorphy factor induced by the action of 
U(l/)(l)on% 

Definition 2.2. Let V be unitary modular group, i.e. of finite index in U(L). A holomor- 
phic automorphic form of weight k and with character x forY is a function f : —> C, 
with the following properties: 

1. f is holomorphic on Tin, 

2. f{j{r, a)) = j{ T , r, a) k X (l)f(r, a) for all 7 G V. 

If further, f is regular at every cusp, it is called a modular form. 

Meromorphic automorphic forms are defined similarly. By the Koecher principle, if 
m > 1, any holomorphic automorphic form is a modular form. 
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Since by proposition 12.11 translations of the form r — > r + v, with u G NT* are 
induced from elements of the parabolic subgroup P(£) Pi T, an automorphic form admits 
a Fourier- Jacobi expansion 

f(T,<r) = °n( ff ) e (^ r ) » ( 3 ) 

nGZ+r 

with iV as in proposition 12.11 and r a constant, r 6 Q, r > 0. Regularity at the cusp 
attached to I means that the coefficients a n (a) vanish for n < 0. The coefficient cto(cr) is 
constant, thus denoted clq. If r is not in Z, ao = 0. For n^O, the coefficient functions 
a n (cr) transform as theta-functions under the Eichler transformations in T. 
The value of / at infinity is given by 

lim f(r, a) = a . 

T— Moo 

It depends only on the T-equivalence class of £ and, in particular, does not depend on 
the choice off, cf. [TO]. 

3 Quadratic spaces and modular forms for orthogonal 
groups 

Vf as a rational quadratic space In the following, we consider Vf as a quadratic space 
Vq over Q of signature (2,2m), with the non-degenerate symmetric Q- valued bilinear 
form (•, •) = Ttf/q(-, •) and the quadratic form q(-), given by q(x) = h(x, x). Then Vq(M) 
is the corresponding real quadratic space with the bilinear and quadratic forms obtained 
from (-, ■) and q(-) by extension of scalars. 

By a quadratic lattice M, we mean a Z-submodule of Vq, with M®iQ. = Vq, endowed 
with a quadratic form. In particular, if L is a hermitian lattice as in section [21 as a Z- 
module, L is a quadratic lattice in Vq, (■,■) with quadratic form g(-) \ L , and D is a 
sub-lattice of L both as a hermitian lattice over Of and as a quadratic lattice over Z. 

The orthogonal group of Vq, (-, ■) is given by 

O(V) = {7 G GL(V) ; (jv, jw) = (v, w) for all v, w G Vq}, 
SO(V) = O(V) nSL(V). 

The groups of real points of these groups are denoted 0(V)(IR) and SO(V)(R), respec- 
tively. By SO + (V), we denote the spinor kernel, the kernel of the map 9 in the following 
exact sequence, 

1 {±1} Spin(V)(R) SO(V)(R) -^R X /{R X ) 2 . 

The spinor kernel is the connected component of the identity in SO(V r )(M), and consists 
of the orientation preserving transformations. 
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The tube domain model For the following, cf. [3 J and [7J. A symmetric domain for 
the action of SO(V)(R) on Vq(R) is given by 

SO(y)(M)/C so ^ SO(2, 2m)/S (0(2) x 0(2m)) . 

As a real analytic manifold, this is isomorphic to the Grassmannian Gro of 2-dimensional 
positive definite subspaces of Vq(R). In order to introduce a complex structure on Gro, 
a continuously varying choice of oriented basis is carried out for each v G Gtq'- Write v 

as 

v = RX L + RY L , with X L JL Y L , X 2 L = Y 2 L > 0, (4) 

then Xl and Yl can be considered as the real and the imaginary part of a complex 
vector Zl, as follows. Consider the complex quadratic space Vq(C) = Vq®qC with (-, ■) 
extended to a C- valued bilinear form of signature (2, 2m). Then, 

Z L = X L + iYl, satisfies (Z L , Z L ) = 0, (Z L , Z L ) > 0. 

The set of such Z L defines a subset of the projective space P 1 (Vq)(C), the positive cone 
K in the zero-quadric Af, given by 

K = {[Z L ]; {Z L ,Z L ) >0}cM={[Z L }; (Z L , Z L ) = 0} C P 1 (V Q )(C). 

The positive cone K. has two connected components, which are interchanged by the action 
of SO(\0(R)/SO + (V)(R) and stabilized by SO + (V)(R). We choose a fixed component 
and denote it by /Co- The Grassmannian model Gro can now be identified with /Co- 
Clearly, for \Zj\ G /Co if we write Z^ = Xl + iYl, then v = M.Xl + MYl is an element 
of Gr Q , whereas, conversely, for v in Gro, we obtain a unique [Z L ] = [X L + iY L ] in /Co- 

The projective cone /Co can now be realized as a tube domain as follows. Let e 1 £ L 
be a primitive isotropic lattice vector, i.e. q{e\) = 0, and choose e 2 G V with (ei, e 2 ) = 1. 
Denote by K the Lorentzian Z-sub-lattice K = L fl e\ n e^~. 

Then, by requiring (Xl, e\) = 1, (Yl, e±) = 0, we obtain a unique representative Zl 
for [Zl] G /Co, which we may write in the form 

Z L = e 2 + bei + Z = (1, b, Z), 

with Z G K ®i C and b G C. The set of vectors in K ®% C with positive imaginary part, 

{Z = X + lY G K ® z C ; Y 2 > 0} 

is mapped biholomorphically to /C, by the map 

Z^[Z L ] = [(l,- q (Z)-q(e'),Z)}. (5) 

The tube domain model T-Lq is the connected component mapped to /Co- Let Z = X + iY 
be a point of "Ho, and [Zl], v = M,Xl + MYl the corresponding elements in /Co and Gro, 
respectively. We have (cf. [7]) 

Z L = (l,-q(Z)-q(e'),Z), 
X L = {l,q(Y)-q{X)-q(e'),X), 
Y L = (0,-(X,Y),Y). 
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Note that X\ — Y£ — Y 2 , since for any x G Vq(R) with (x,e) = 0, the projection to 
K ®i R, given by 

p K : x i y x (x, ei)e 2 , 

is an isometry. 

Modular forms For the lattice L, as a quadratic Z- module, we denote by SO + (L) 
the subgroup of SO + (V), which consists of isometries of L. By we denote the 
discriminant kernel, the subgroup of SO + (L) acting trivially on the discriminant group 
L'/L. We will consider subgroups of finite index in T° as modular groups. 

The operation of SO(V)(R) on "Hq induces a non-trivial factor of automorphy, denoted 
J(7; Z). Then, if V C is a modular group, automorphic forms on Hq for V are defined 
similarly as automorphic forms on "Hu i n the unitary setting, see e.g. [7J. 

Boundary components For the following, cf. [8]. Isotropic subspaces of Vq(R) corre- 
spond to boundary components of /Co in the zero-quadric N '. We have the following 
description 

Remark 3.1. 1. Let F be a one- dimensional isotropic subspace o/ Vq(R). Then, F 
represents a boundary point of /Co- Such a boundary point is called special. A 
zero-dimensional boundary component is a set consisting of one such point. 

2. Let F C Vq(R) be a two-dimensional totally isotropic subspace. Boundary points 
which are described by elements of Fc = F £g>R C and are not special are called 
generic. The set of all generic boundary points attached to F is called a one- 
dimensional boundary component 0//C0 in M . 
In particular, there is a one-to-one correspondence between boundary components and 
isotropic subspaces of Vq(R). The boundary dJCo is the disjoint union of all its zero- 
and one- dimensional boundary components. 

Note that one-dimensional boundary components can be identified with copies of the 
usual upper half-plane HI = {r 6 C ; > 0}. 

A boundary component is called rational, if the corresponding isotropic subspace F is 
defined over Q. Cusps, as usual, are defined by T-equivalence classes of rational isotropic 
vectors. In particular, e\ can be identified with a cusp for of Ho- 

4 The embedding 

The underlying quadratic space As already sketched above, the hermitian space 
Vp, (•, •) over F can also be considered as a quadratic space Vq over Q, equipped with 
the bilinear form (•, •) = Tr^W-,-). Accordingly, we can view the complex hermitian 
space Vf(C), (■, ■) as the real quadratic space Vq(R), with (-, •) extended to a real-valued 
bilinear form. 

The identification of Vg, (•, •) with the underlying rational quadratic space Vq, (•, •) 
induces am embedding of the unitary group U(V) into the special orthogonal group 
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SO(V) associated with the bilinear form (•,•). Further, we consider Vq(R),(-,-) as a 
real quadratic space underlying the complex hermitian space Vp(C), (-, •), and we may, 
in particular, identify U(V)(R) with a subgroup of SO(V)(R). 

Similarly, a hermitian lattice L in Vg, (-, ■) is also a lattice in Vq, (-, •) as a quadratic 
Z- module with L®zQ = Vq arid the quadratic form q(-) \l. The dual of L as a hermitian 
lattice over Or and as a quadratic lattice over Z is the same, namely V . Thus, L'/L is 
the discriminant group, either way. The discriminant kernel C U(L) is a subgroup 
of the discriminant kernel T° C SO(L). 

On the complex hermitian space Vf(C), of course, complex numbers act as scalars. 
If, however we consider the underlying real vector space, an element of C \ R induces a 
non-trivial endomorphism. For this reason, we introduce the following notation 

Definition 4.1. Let fi be in C \ R. We denote by fi the endomorphism of Vq(R), (•, •) 
induced from the scalar multiplication with jj, in the complex hermitian space Vf(C), (■, ■). 
For typographic reasons, the endomorphism induced by the complex unit i is denoted i. 
Note that % G SO(V)(R). 

Clearly, if \i G F, then fx is already an endomorphism of Vq, (■, •) defined over Q. 

Embedding of symmetric domains If Cu is a maximal compact subgroup of U(V)(R), 
embedded into S0(V)(1R), there exists a maximal compact subgroup Cso of SO(V)(R) 
with C\j <^-> Cso- Then, we may embed the respective symmetric domains given by the 
group quotients 

u(y)(R)/Cu^so(y)(R)/c so . (6) 

The quotient on the left hand side of ([6]) is isomorphic to a Grassmannian Gru consisting 
of positive definite lines Cz C Vp(C), with (z, z) > 0. Thus, ([6]) induces an embedding 
of Gru into Gro Further, since, clearly, Gru — /Cu, we may embed /Cu into Gro, 
identifying an element [z] G /Cu with a subspace v = MX L + WY L contained in Gro- 
With the bijection between Gr G and /Cu we finally get an embedding of /Cu into /Co- 
A priori, this embedding is merely real analytic. However, by carefully choosing the 
oriented basis vectors Xl, Yl for the image of [z] in Gro, it can realized as a holomorphic 
embedding. Then, with suitable coordinates, we also obtain an embedding of %\j into 
the tube domain % . 

To summarize, the embedding in §6§ induces maps at all levels of the following dia- 
gram: 

Cz G GryC ^ Gr 3 v (7) 

[z] G /Cr— -/Co 3 [Z L ] 

(r, a) G Ho 3 Z. 

To facilitate notation, we denote all these maps by a. Which of them is the actual map 
under consideration should always be clear from the context. 
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Choice of cusp We want to explicitly describe the embedding of the Siegel domain 
model T-Lu into the tube domain model %q. Assume that we are given T-Lu with the 
choice of an isotropic vector i G L and of I' G V with (£, £') ^ made once and for all. 

For the construction of Ho a choice of isotropic vector e\ from L is required, where, 
now, L is viewed as a quadratic lattice over Z. We set e\ := I. With this choice, we 
associate to I the cusp at infinity for both Tin and Ho- 

Remark. With this definition, the parabolic subgroup P(£) C U(V) stabilizing i is 
mapped into the stabilizer of ei in SO(V). In particular, the elements of the Heisenberg 
group H(£) are mapped to transformations generated by Eichler elements in SO + (V). 
For example, it is easily verified that a translation of the forms [h, 0] can be identified 
with an Eichler element of the form E(£, \i€), with the notation from 

For each [z] G /Cu we have a unique representative z G Vf(C), with z = z{r,a) of 
the form ([2]). Then, the line Cz, considered as a subspace of the real quadratic space 
Vq(R), (•, •), is a subspace v G Gr Q . For each v the choice of an oriented basis (X L , Y L ), 
of the form 01]), determines an element of [Xi + iYi = Z{\ in /Co- Next, we want to fix 
this choice. 

Complex structure Consider the following diagram: 

z >(X L ,Y L ) *Z L =X L + iY L (8) 

i i 

iz . $x L , iY L ) iZ L = -Y L + iX L 

To the left and to the right of the diagram, the complex unit % acts as a scalar of 
the complex spaces Vf(C),(-,-) and Vq(C), respectively. By definition it acts as the 
endomorphism i on the vectors Xl, Yl in the real space Vq(R), (*,*). Note that all 
arrows in (jSJ) represent IR-linear maps. Thus, if (jHJ) commutes, the following diagram 
also commutes for every /i G C \ {0} 

[z] — ^ [Zl] 
[fiz] —2*. [fiZ L ] 

and the embedding a : /Cu ^ ^Co ; [ z ] ^ [Zl] is a homomorphism between the complex 
projective spaces P 1 (\^f)(C) and P 1 (Vq)(C). Moreover, the induced embedding between 
the affine models H\j and %o in is then holomorphic. 

Since Xl and Yl are contained in Cz, we set Xl = ipz. Then, clearly (jSJ) commutes 
exactly if %Xl = —Yl. Also, in this case, Xl -L Yl and X\ = Yl = \ip\ 2 (z,z) > 0, as 
required in fl4]). 
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Normalization with respect to e\ Hence, with Xl = ipz, Yl = —tipz the point 
[Z L = X L + iY L ] G P 1 (Vq)(C) lies in the positive cone /C of the zero quadric Af. We may 
also assume that it lies in the correct connected component /Q> 

For the vector Zl to be the unique representative for \Z{\ in the image of the map 
"Ho — > from we must also have 



Thus, we set ip = \(£',£) ■ 

To summarize, for each [z], a suitable choice of basis vectors for its image v in Gro, 
is given by 



where z = z(t, a) as in <^ is the usual representative for [z\. 

Lemma 4.1. The pullback of holomorphic (meromorphic) automorphic form on Ho is 
a holomorphic (meromorphic) automorphic form on H\j. 

Proof. Denote by /Co and /Cu the preimages of /Co and /Cu under the canonical pro- 
jections pr F : V ¥ (C) ->■ P 1 (V F )(C) and pr : Vq(C) -> P 1 (Vq)(C), respectively Denote 
by a the map Vf(C) — > Vq(C) induced from a. Note that with the above choice, a is 
C-linear. 

Let / : Ho — > C be a holomorphic automorphic form of weight k for some^modular 
group T C T^. Then, / can be identified with a holomorphic function / : /Co — > C, 
which is C- homogeneous of weight —k and invariant under the operation of T on Vq(C). 

Consider the pullback a* f . Since at is C-linear, the pullback is holomorphic and also 
C-homogeneous of weight —k. Further, it is invariant under r" := T fl U(L). Clearly V 
has finite index in T^, as the index of T in T° is finite and C T^. Then, a*f, the 
attached function on Tin, is a holomorphic automorphic form of weight k on V. The 
proof for meromorphic / is similar. □ 

A basis for the hyperbolic part In the following, we introduce coordinates for the 
tube domain, in order to explicitly determine the image in % of a point (r, a) G 

For this, we need a basis e\, . . . , e± for the four dimensional real subspace of Vq(R), 
(•, •), defined by the C-span of £ and £'. One basis vector is e\ = £, of course. We 
put e3 = —(£, where ( is the generator of Ow defined in (JTJ). Then, F = Qei © Qe3 
is a maximal totally isotropic rational subspace. There is a complementary maximal 
isotropic subspace F', such that F © F' = span F {£, £'}, considered as a subspace of Vq. 

In fact, there is a basis e<i y e± for F', such that for ex, ■ ■ ■ , &a the following holds: 



{X L , e x ) = 2^0jz, £) = 1 and (Y L , ex) = 2^(-ii/;z, £) = 0. 




and 




(ei,e 2 ) = l, (e 3 ,e 4 ) = l, 
&,(*) = (i = 1, . . . ,4), 
(e 4 ,e,) = (i = 1, 2, j = 3, 4). 
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It is easily verified that these conditions are satisfied by the following vectors: 

^ l '^WJ) l '' es = <l ' ei = WJ) 1 '- (10) 

Note that if Df = mod 2, then £6~ 1 = §■ Clearly, since L is an Op-module, both e\ 
and e 3 are contained in L. Also e 2 , e 4 G L', as indeed, (e 2 , £), (e&, £) G D% . In this basis, 
we can write Z^'m the form 

Z L = ~ {Z\ ■ Z 2 + q{i)) ei + e 2 + Z^ + Z 2 e 4 + 3, 

with 3 = j: + it) G D £g>^ C negative definite. 

Embedding into the tube domain Now we calculate the components of Xl and Yl 
in terms of r and er. In the following calculation all complex scalars come from the 
complex structure of Vp(C), As there is no possibility of confusion, no special notation 
is required for these. In the end result, all coordinates will be real. For Xl, we have 

x ^ = WJ) z = -^ + WJ) e+M 

= j^t - ^J^Fj/ + tori-M + («C • »r + \%t\6\)£ + y(a) 

= e 2 - 3RCe 4 + Mre 3 + (3?C ■ + ■ 9fr)ei + r(a), (11) 

since = and is either or |, depending on the discriminant of F. 
Similarly, for Yl we have 

Y L (z) = —^-rz = J 5 } J - Mt^£ - %t-£ + t)(a) 
v ; 2(£',£) 26 (£',£) 2 2 JK J 

= %(e 4 + 3re 3 - (3?C • Qfr - 3?C ' ^) e i + ( 12 ) 
Now, Z/, = + iYl can be written in the form 

Z l (t, a) = Crei + e 2 + re 3 - <e 4 + 3(°")- ( 13 ) 

Note that all coordinates in this equation are scalars of Vq(C). The corresponding 
element Z in the tube domain is given by 

Z(r, a) = re 3 - (e 4 + 3(0") = 0, ~C, 3)- (14) 

Remark. Note that imaginary part of the e 3 - and e^- components of Z is positive, due 
to the choice of sign for e 3 in (TTU1) . Thus "Hu is mapped into the connected component 
of JC containing the point [1, 1, i, i, 0] . 

Finally, from flU]), the image of a under a, is given by 3 = y -Mr), with 
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Remark. By the definition of K C M, the image 3(0") of a satisfies the following set 
of equations, which further restrict the geometric locus in Ho of the embedded image of 

3(a) 2 = r(a) 2 - X){af = 0, and (3(a), 3(a)) = r^) 2 + t)(a) 2 < 0. 
The embedding on the boundary 

Proposition 4.1. Boundary points of Hu are mapped to one-dimensional boundary 
components of Ho . The boundary point attached to the primitive isotropic lattice vector 
I is mapped into the boundary component attached to the rational isotropic subspace 
F = Ql®Q(£ ofV Q , (.,-). 

Proof. The boundary points of Hu can be described by isotropic lines of the form Cx, 
with x G Vp(C), x 7^ and (x,x) = 0. Then, in the quadratic space Vq(R), (■,■), 
the two vectors x and £x, are isotropic and, for £ G" M, linear independent. Hence, 
F« := © IR£:r is a two-dimensional isotropic subspace of Vq(IR), (•, •) and corresponds 
to a boundary component of "Ho- 
rn particular, F := ¥£ is a two-dimensional isotopic subspace of Vq, (•, •), spanned by 
i and (£, and defines a rational boundary component. □ 

We now consider how the neighborhood of a cusp behaves under the embedding a. It 
suffices to consider the cusp at infinity. 

Lemma 4.2. Consider the boundary point at infinity of Tin, attached to i. The inverse 
image of every open neighborhood of the boundary point a (00) in the closure of /Co 
contains an open neighborhood of infinity in "Hu U {00}. 

Proof. Consider the two-dimensional isotropic subspace F = Qe x © Qe 2 of Vq, (•, •) and 
let F c = F ©q C. Let [x] be a point in the one- dimensional boundary component of /Co 
defined by F c . Denote by 7r the canonical projection from Vq(C) to P 1 (Vq)(C). In the 
zero-quadric A/", a neighborhood of [x] is a union of the form U U V, with U open in 
/Co and V a subset of vr(Fc) D <9/Co, open with respect to the subset topology. A more 
precise description can be obtained as follows, cf. [8]: We identify F c fl 7r -1 (<9/Co) with 
the upper half-plane HI C C via r' 1— > —r'ei + = x. Then, a fundamental system of 
neighborhoods for x is given by U e U V e , e > 0, with 

K(x) = {Z 2 eH; \Z 2 -r'| < e} , 
C7 e (x) = {(Zx, Z 2 ,3) G Ho ; Z 2 G FiF 2 + g(tj) > e" 1 } . 

Now, let x be the image under a of the boundary point 00 of "Hu in 7r(Fc) fl <9/Co- Since 

lim a(z(it, a)) = lim [it(, 1, it, a(cr)] = [C, 0, 1, 0, 0], (15) 

we have x = (ei + e 3 . Now, for every Z G a(H\j), clearly Z 2 = —( G V e (x) for all e > 0. 
For Z G a(Hu), the imaginary part Y" is given by 
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for some (r, er) G %u- Thus, if Z G fl a(Hu), we have 

IXI i ^ 1 

2 1 1 4|(f,£>| 2 e 

It follows that (r, a) is contained in one of the neighborhoods of infinity H^, as intro- 
duced in definition 12. 1\ 

U% = {(r,a) G H u; 2%r\5\ \ (£', i) | 2 + (a, a) > C}. 
Where, in this case, C = 4| (f , £) | 2 /e. □ 

5 Weil representation and vector valued modular forms 

In this section we recall some facts about the Weil representation and about vector 
valued modular forms. 

The Weil representation Let L be an even lattice over Z with symmetric non-dege- 
nerate bilinear form (•, •) and associated quadratic form q(-). Assume that L has rank 
2 + 2m and signature (2, 2m). 

Then, the Weil representation of the metaplectic group Mp 2 (Z) on the group algebra 
C[L'/L] factors through SL 2 (Z). Thus, we have a unitary representation p L of SL 2 (Z) 

on C[L'/L], defined by the action of the standard generators of SL 2 (Z), S — ( ° Ty 1 ) and 
-an nf ra. 



7' 



on 

T=(ij)/cf. 0: 

p L (T) e 7 = e(g(7)) 

"^•»=-£ E'H-r.*))". (16> 

Vl^/^l 5GL'/L 

where c 7 , 7 G L'/L is the standard basis for <C[L'/L]. The negative identity matrix 
—E 2 G SL 2 (Z) acts as pl(E 2 )z 1 = (— l) m_1 e_ 7 . We denote by p* L the dual representation 
of p L . 



Vector valued modular forms Let k G Z and / be a C[L'/L] valued function on H 
and let p be a representation of SL 2 (Z) on C[L'/L\. For M G SL 2 (Z) we define the usual 
Petersson slash operator as 

(/ \ KtP M) (r) = 0(M, rr^piMr'fiMr), (17) 

where M = ( a c b d ) acts as usual on H, with Mr = 2g| and 0(M, r) = cr + d. 

Definition 5.1. Let k 6 Z. A function f : M — > C[L'/L] is called a weakly holomorphic 
(vector valued) modular form of weight k transforming under p, if it satisfies 

1. f U, p M = f for all M G SL 2 (Z), 
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2. f is holomorphic on M, 

3. f is meromorphic at the cusp too. 

The space of such forms is denoted M. K . The holomorphic modular forms, i.e. those 
holomorphic at the cusp, are denoted Ai KjP . 

If / G M' K>P , by invariance under the | KiP -action of T G SL 2 (Z), it has a Fourier 
expansion of the form 

f( T )= Yl 5Zc(n,7)e(nr)e 7 . 

■yeL'/L ngQ 

Note that for p = pi, the coefficient c(n, 7) is non-zero if n = ^(7) mod 1 and zero 
otherwise. For p* L , the coefficient 0(^,7) 7^ exactly if n = —5(7) mod 1. 

In the present paper, weakly holomorphic modular forms of weight k — 1 — m are 
used as inputs for the Borcherds lift. Note that if / G M.\_ mpL , the Fourier coefficients 
of / satisfy c{n, 7) = c(n, —7) for n G Z and 7 G L'/L, 7^0 mod L . 

The space A^i+ m , p * of holomorphic modular forms transforming under the dual repre- 
sentation also plays an important role in this paper, as it is the orthogonal complement 
of M.\_ m pL under the residue-pairing, see section [TU1 

6 Heegner divisors 

The zeros and poles of the Borcherds lift lie along certain divisors related to lattice 
vectors of negative norm, which we define in this section. 

Let A G V be a lattice vector of negative norm, with (A, A) = g(A) < 0. Then, 
we associate to A a prime Heegner divisor on T-L\j. First however, we briefly recall the 
definition of Heegner divisors on Ho- 

Heegner divisors on Ho For this, compare [7j, [3]. The orthogonal complement 
X 1 - with respect to (-, •) is a subspace of Vq(R), (■,■) of codimension 1 and signa- 
ture (2,2m — 1). The set of subspaces Vq contained in Gr G with v G A -1 is a sub- 
Grassmannian of codimension 1, which we also denote by A -1 . Under the map from Gro 
to /Co, X ± bijects to the set {[Zl] G /Co ; (A, Zl) = 0}. 

Thus, we can identify \ L with a subset of the tube domain. Also denoted by A -1 , it is 
defined as follows: Write A in the form ae2 + he\ + \k, with \k G K ®i Q. Then 

X 1 := {Z en ;b- q(Z) a + (X K , Z) = 0}. 

Given j3 G L'/L, n G Z, with n < 0, a Heegner divisor of index (n, fl) is a r°-invariant 
divisor on % defined by the (locally finite) sum 

H(n,P)= X± - 
\e/3+L 

q{\)=n 
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Its support is a locally finite union of sub-Grassmannians, 

U 

\e/3+L 

q(\)=n 

Heegner divisors on Tin The complement of A in the hermitian space Vf(C), (•, •) is a 

subspace of co dimension 1. The complement of A in the Grassmannian Gru is a closed 
analytic subset of codimension 1, which we denote as follows 

H(A) := {v G Gru ; (A, v) = 0} C Gru 

= {[z]elC l] ; (A,^) = 0}CP 1 (\/ F )(C). 

Considering representatives for [z] G /Cu of the form z(r,a), we associate to H(A) a 
closed analytic subset of the Siegel domain, also denoted H(A), 

H(A) :={(T,a)en v ; (X,z(r,a)) — 0}. 

We call a set of this form a prime Heegner divisor on T-tjj. 

Now, given (3 G L'/L and n G Z, n < 0, we define a Heegner divisor of index (n, /?) as 
the (locally finite) sum 

H(n,/3)= £ H(A). 

Ae/3+L 
(A,A)=n 

Since L has multiplication by Or, clearly, H(A) = H(-uA) for all u G 0£ , while (3 = u(3 
only if either /3 = mod L or « = 1. As a consequence, for (3 ^ mod L, 

H(n,/9) = H(n,up), forallwGCp. (18) 

In contrast, A -1 = (u\) ± only if u — ±1. Thus H(n, /3) is equal to i?(n, — /3) but not, in 
general, to H(n,u/3) if u ^ 1. 

Behavior under the embedding 

Lemma 6.1. Lei X be a lattice vector with A G L' ; (A, A) < 0. Then, for the image 
o/H(A) under a, we have 

a(H(A)) = (a^ujnA 1 ) C ft . 
T/ie intersection is non-empty, since since a is injective, and both H(A) 7^ and A -1 7^ 0. 

Remark. iVote £/ia£ ; as a consequence, for all u G iae sub-Grassmannians ( - aA)- L 
intersect on the image a("Hu) %o 
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Proof. We consider X x and H(A) as subsets of the projective cones /Co and JC\j- Let 
[Z L ] G a{H\]) H /Co and assume that G A -1 , let [2] G /Cu with a ([2;]) = [ZJ. Then, 
if Zl and z are the normalized representatives, by we have 



= (\,Z L )^ A, 




) 







<£> (A, 2) = 0. 



It follows that zGH(A). 



□ 



Thus, a Heegner divisor on Ho defines a Heegner divisor on Ku- And, since a linear 
combination of Heegner divisors on T-Lo can be pulled back to Hn, the following assertion 
holds: 

Lemma 6.2. If H(n,/3) is a Heegner divisor of index (n, f$) on Ho, its restriction to 
T-L\j is given by a Heegner divisor of the form H(n, 0). 

7 Weyl chambers 

The lattice Lq and the projection p Consider a lattice L with a primitive isotropic 
vector £ G L. Then, there is a unique positive integer Ne, such that Tr F /Q(L,^) = A^Z. 
Now, a Z-submodule of the dual lattice V is defined as follows: 



Note that L' , is, in general, not a hermitian lattice in the sense defined in section [2j It 
does however, have as multiplier ideal an order O in F, with D O D N^Oj. 

Recall the definition of the Lorentzian Z-lattice K = L fl e\ D where e\ — £ and e-i 
is given by (JE). We have \L'/L\ = Nj ■ \K'/K\. 

For the following, see [7]. A projection p from L' to K' with the property that 
p(L) = K can be defined as follows. Let / be a vector in L with Ty v /q(£, f) = Ni and 
A G L'. Denote by fx = VkU) and \k = Pk(A) the projections to the Lorentzian space 
K ®i Q. Then, the projection 



takes L to K and induces a surjective map from Lq/L to K'/K. Let k G -fC'. A system 
of representatives for (3 G L' /L, with p(/3) = k + is given by /3 — f)/Nf + b£/Ng, 
where 6 runs over a system of representatives modulo A^. 



Lq := {A G L' ; Tr F/Q (A, £) = mod A^} . 



p(A) = A x 
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Weyl chambers for Ho and Htj Denote by Qk the Grassmannian of positive definite 
one-dimensional subspaces of the Lorentzian space K ®^ R. This Grassmannian can 
be realized as a hyperboloid model, see [7]. For (3 G L' /L, n G Z, a Heegner divisor 
H{n,p((3)) of index on can be defined as usual, as a locally finite union of 

sub-Grassmannians of codimension one. Then, QK — H(n,p((3)) is disjoint. Its connected 
components are called Weyl chambers, of index (n,p((3)). More generally, any non-empty 
finite intersection of Weyl chambers of Qk is also called a Weyl chamber. 

Weyl chambers of Ho are defined as follows: If W is a Weyl chamber in the hyperboloid 
model of Qk, then for Z = X + iY G Ho, we say that Z is contained in W if ^ G W 7 . 

The definition of Weyl chambers on H\j is now derived from that of Weyl chambers 
in Ho by way of the embedding a. 

Definition 7.1. A Weyl chamber W ofH\j is a connected subset ofH\j which under a 
is mapped to (the intersection with a(H\j) with) a Weyl chamber in Ho- For z = z(r, a), 
we say that z G W , if (r, a) G W . 

Weyl chambers of Ho can be defined explicitly through inequalities satisfied by Y: Let 
W be a Weyl chamber of index (n,p(f3)). Then Z is contained in W if and only if Z does 
not lies on any Heegner divisor of index (n,p((3)). Equivalently, for any k G p{(3) + K, 
(Y, k) is non-zero. 

Thus, for H\j, since (Yl, k) = (Y, k), for all k G K ®^ R, it follows that every Weyl 
chamber of index (n,p((3)) is defined through inequalities of the form 

S A-S tfll >0, with s A G{±l}, for A G p((5) + K. 



Weyl chamber condition Conversely, let W be a Weyl chamber and k E K' fixed. 
Then, the sign of (Y, k) = (Yl, k) is constant for all Y G W 7 . 

For Weyl chambers on Hy we introduce the following notational convention: Write 

(k, W) > if > for every z = z{t, o) G W. (19) 

Weyl chambers attached to modular forms If / is a weakly holomorphic modular 
form in M.\_ mpL , with Fourier coefficients c(n, (3) in its principal part, the connected 
components of 

P eL »/ L c(n,/3)#0 
n<0 

are called the Weyl chambers of Gk with respect to /. If W is such Weil-chamber, it 
can be written in the form 

n<0 

where W n>/ g is a Weyl chamber of index [n,p((3)) with W C W n)i g, cf. [7J. 
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8 The main theorem 

Theorem 8.1. Let L be an even hermitian lattice of signature (l,m), with m > 1, and 
£ G L a primitive isotropic vector. Let £' G V with (£,£') ^ 0. Further assume that £' is 
isotropic, as well. 

Given a weakly holomorphic modular form f G M.\_ m PL with Fourier coefficients 
c(n,(3) satisfying c(n, 0) G Z for n < 0, there is a meromorphic function : Hy — > C 
with the following properties: 

1. Sf is an automorphic form of weight c(0, 0)/2 for T^, with some multiplier system 
X of finite order. 

2. The zeros and poles o/Sj lie on Heegner divisors. The divisor ofEf on %u is 
given by 

div(E f ) =~ Yl E c(n,P)H(n,P). 

n<0 

The multiplicities of the H(n, 0) are 2, if 2/3 = in L'/L, and 1 otherwise. Note 
that c(n, (3) = c(n, —(3) and also that H(n, 0) = H(n, u/3) /or u G Op ,(3^0. 

3. For the cusp corresponding to £ and for each Weyl chamber W , Ef(z) has an 
infinite product expansion of the form 



Ce 



n n 

XeK' P&L' /L L 
(\,W)>0 p(0)=\+K 



'"' A) +2K 



{£',£) 



C{0£V^ lc{q{xm 



where z = z(r,a) = £' — 5(£',£)r£ + a, the constant C has absolute value 1 and 
Pf{W) G K®zQ is the Weyl vector attached to W . The product converges normally 
for any z lying in the complement of the set of poles o/H/ ; and satisfying (z,z) > 
4:\(£', £) | 2 |^o |; where no = min{n G Z; c(n, (3) ^ 0}. 

4- The lifting is multiplicative: E(#; / + g) = H(^; /) • S(z;gf). 

Remark 8.1. The Weyl vector Pf(W), attached to W and f can often be computed 
explicitly, see |3J/ ; theorem 10. 4- Also, if the Weyl chamber is decomposed as in (|20|) . 
then by a formula of Bruinier, cf. |7}^ p. 88, Pf(W) is a linear combination of vectors 
p n fi attached to the W n $. 

Corollary 8.1. We use the notation of the theorem. Suppose L is the direct sum of a 
hyperbolic plane H ~ Ow © V^ 1 and a definite part D, with (D,H) = 0. Then, for a 
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cusp corresponding to i £ H and every Weyl chamber W , the lift S/(z) has an absolutely 
convergent Borcherds product expansion of the form 



(\,W)>0 



c(q(X),X) 

(21) 



In particular, if (£,£') = —5 1 , the Borcherds product ofEf(z) can be written as 

c(q(\),X) 



Ce(8(z,p f (W))) J] (l-e(5{z,\))j , (22) 

\eic,i®'U'®D l 

(\,W)>Q 

where, as usual, ( = |5 «/-Df even and ( = |(1 + 6), if D ¥ is odd. 

The proof is mostly based on results from Borcherds' seminal paper [3], in which 
Borcherds uses a regularized theta-lift to construct a lifting from weakly holomorphic 
vector valued modular forms to automorphic forms on orthogonal groups. If M is an 
even lattice of signature (2, b), and / £ •M.\_ b i 2pM , the lifting is given by the regularized 
integral 

*m(Z, f) = r (f(r), 0*0-, Z)) yW^L, 

h y 

with a (generalized) Siegel theta series 0m- In this case, the additive lifting § M (Z,f) 
can be used to obtain a multiplicative lifting ^m(Z, f). The functions &m and ^ m are 
related through 



log | * M {Z, f) | = - $M( 4 Z,/) - ~c(0, 0) (log \Y M \ + ir'(l) + log V2^) , 



(23) 



where c(0, 0) denotes the constant term in in the Fourier expansion of /. Now for M = L 
and b = 2m, we apply the machinery of the pullback under the embedding a developed 
in the previous sections to Borcherds' results, and define 

E f {z):=aT9! L (Z,f). (24) 

Proof of the theorem. The main reference for the proof is, of course, [3] in particular 
theorem 13.3 there, in which the properties of the multiplicative lift are formulated. 1) 
This follows from Borcherds' result by pullback, since ^ l is meromorphic on Ho and 
automorphic of weight c(0, 0)/2 for (a subgroup of SO + (L) containing) r£, cf. [3] lemma 
13.1. Then, is a meromorphic function on H.\j transforming as a automorphic form 
of weight c(0, 0)/2 for T^, since is contained as a subgroup in r£. 

That the multiplier system x has finite order, similarly follows by pullback. It is a 
consequence of a theorem by Margulis, see [7J, [5]. 
2) The divisor of ^l(Z, f) is given by (cf. [7J) 



div(* L ) = i E c(n f P)H(n f P). 



2 

(3GZ//L neZ+g(/3) 
n<0 



24 



Now, by lemma I6TT1 the restriction of each Heegner divisor occurring in the sum induces 
a Heegner divisor on Tiu, with H(n,(3) fl a('Hu) = H(n,(3). Thus, the divisor of the 
pullback H j is given by 



div(: 



\ E E c(M)H(n f) 9), 



/3eL'/LneZ+(/3,^> 
n<0 



wherein, for /3 ^ mod L, by JTgJ, H(n, /3) = H(n, w/3) for all «eO F x . 

This follows directly from the multiplicativity of the Borcherds lift ^l{Z, f). 
3) For the product expansion we must examine part of Borcherds' proof in more detail. 
For the Fourier expansion of the regularized theta-lift, Borcherds finds the following 
expression: 



$ L (Z, /) = M(Y lPf (W)) + c(0, 0) (log(e 2 v ) - Y\l) - log(2vr; 
-2 m/N h Q>)\og(l-e(^\\ 



(25) 



- 4 E E E c ^ A )^) 4 e (^ (x ' A)+z|(F ' A)l + (/3 ' e2) ))' 



(w,x)>o m=x 

where e v denotes the projection of e± to v = M.Xl © MYl G Gro In order to determine 
the pullback of $l under a, we rewrite this expression in terms of z. We have 



[z,X) 



l_ _ 2|(l,l')|' 
Y 2 (z,z) 



also, recall that e 2 = i (£',£) £', as given in ( ITU]) . Thus, the pullback of the first two 
lines from (I25p is given by 

8- ■ + <*>, 0) • (- log Mt, " r'd) - log(2.) 



5 ' 



2|(f,£)|2 

-2 £ c(0 ,/3£/iV,).log(l-e^ 



PEZ/NZ 
P¥=0 

Note that (p f (W),Y) = (p f (W),Y L ) as G AT 

line of (12511 can be rewritten as 



and Y = Pk(Xl)- The last 



2 £ £ £ 

AeK' 0GL' o /L k>0 
A^O p( ( 9)=A 



■eUMR 



(£',£) 



+ i 



[z,\) 



(£',£} 



+ 29£ 



5(£, £') 
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As for each A the expression (Y, A) = 3 Uz, X)(£', i)" 1 ) is non-zero and has constant sign 
on W, we can restrict to A for which it is positive. Also, recall that c(n, /3) = c(n, —fl). 
We obtain 



4 E E c (?( A )^) "log 



AeX' P&LUL 
(W,\)>0 p( /9 )=A 



<*.A> +2 »C<ft*> 



After gathering all contributions, the pullback of takes the form 



(«***(/))(*) 



^7T ■ $5- 



+ c(0,0) 



1' M^To - r'(l) - log(2vr; 



-2 £ c(0 ,/3£/iV,).log(l- e ^ 



/3eZ/NZ 



4 E E c((A,A>,/3)-lo£ 



AG-ft" PeLUL 

(x,w)>o m=x 



[Z,X) 



+ 2K 



Now, with (|23|) we can determine the logarithm of H/, as per definition = a*\E r i,: 

(a*$ L (/))(*) c(0,0) 



log | 



log 2](^)F + r ^ 



log(27r; 



This results in the claimed form of the product expansion. 

The statement on convergence follows from a result of Bruinier, who in [7] (theorem 
3.22 on p. 88f) gives a precise criterion for the normal convergence of the Borcherds 
product: The product converges normally on the complement of the set of poles if 
q{Y L ) = q{Y) > |n |, with n = min{n G Z; c(n, 7) 7^ 0}. On %u, with we thus 



have normal convergence if (z,z) > \rio\\(£',£)\ , as claimed. 



□ 



Example 8.1. Let L = H be a hyperbolic plane as in example \2.1\ and let I = 1 G Of 
and £' = — <5 _1 G X>p . Then, the Siegel domain model "Hu just the usual upper half- 
plane HI. Smce L zs unimodular, the discriminant group is trivial, so ~ U(L). Note 
that SL 2 (Z) ~ SU(L) is contained in T^. yl/so ; the Weil representation pl restricts to 
the usual multiplier system o/SL 2 (Z) on C. 

For every m G Z m > ; t/iere is a unique element J m of A^q(SL 2 (Z)), wit/j a 
q-expansion of the form J m = q~ m + 0(q). 

Now, assume m to be square-free. Then, the Weyl chambers attached to J m are stripe- 
shaped regions ofM, defined by inequalities in and the 'topmost' Weyl chamber is the 
half-plane W = {t G H; 2Sr > m|<5|}. The Borcherds product expansion of 5(r, J m ) 
attached to W is given by 



E(r,J m )=e(-a(m)r) J] (l-e(fcr-ZC)) 



c(kl) 



k,iez 

(W,(k,l))>0 
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where a(m) = Ylid\m^ ^ s ^ e divisor sum of m. Here, the Weyl chamber condition 
(W, (k, I)) > translates to + l\S\ > for every r in W . The product is absolutely 
convergent for > 2m|<5|~ 1 . For a more detailed treatment, see 



9 Values on the boundary 

In this section, we study the values taken by a Borcherds product 5/ on the boundary 
points of "Hy As usual we only consider the cusp at infinity. Also, in the following, we 
assume that the width of the cusp, N t , is equal to 1. 

Theorem 9.1. Let W be a fixed Weyl chamber containing a neighborhood of infin- 
ity. Assume that Hf(r, a) is regular at the cusp of H\j corresponding to £, then either 
liniT-^joo Hf(r, a) vanishes or 



lim E f (r,a) = Ce{p f (W) e ) J] (l - e(<)) C( ° 

r— MOO 



\=K(£ 

«eQ >0 

where pf(W)i denotes the l-component of the Weyl vector pf(W). 

Proof. Assume that lim,--^ S/(r, a) ^ 0. 

We denote the £- and ^'-component of pf by pi and pi>, respectively, and the definite 
part by p D G D ® 0v C. Since pj G K % Q, we have put = p 3 e 3 , pi>£' = p 4 e 4 , where p 3 
and pi denote the e 3 - and e4-components. Similarly for a lattice vector A G K', we write 

A = Xd + X e >£' + X D = A 3 e 3 + A 4 e 4 + X D . 

By a result of Borcherds [3J, Corollary 13.4, the Weyl vector pf is semi-positive, i.e. its 
components satisfy 

P3P4 + Pd > and p 3 , p 4 > 0. 

Thus, with ffTUD. we have 



(z,p f ) = p e (£',£) - rS\(£',£)\ 2 p e > + (a,p D ) = -(p 3 (£',£) + rp 4 {£',£) + (a,p D ). 

By the non-vanishing assumption for the limit, it follows that p 4 = ppj = 0. 

Now, A 4 is non-negative. To see this, consider the Weyl chamber condition (W, A) > 
for z with t = it, t 3> and a of fixed norm. We have: 

(z, A) = -(X 3 (£',£) + itX 4 (£',£) + (a,X D ). 

Recall the definition of the Weyl chamber condition in ( Fl9|) . clearly, if t is large, (W, A) > 
is satisfied only if A 4 > 0. Since the corresponding factor in the product is trivial for 
A 4 > 0, we can restrict to A with A 4 = A^ = 0. 

Thus, in a suitable neighborhood of infinity, can be written in the form 

(*>Pd)\ TT (, A , (v,Xd^^ c[{Xd ' Xd) > X) 



\eK' 
x e ,=o 

(W,A)>0 
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As an automorphic form, H/(r, a) has a Fourier- Jacobi expansion of the form 

H / (r,a) = ^a n (a)e(^r). (27) 



n>0 



Note that by the non-vanishing assumption, n e Z and by regularity, n > 0. We have 



ao = lim H/(t, a). 



(28) 



Beside the Fourier- Jacobi expansion ( |27|) . the Borcherds product can also be rewritten as 
a series by expanding each factor as a binomial series and taking the resulting product. 
Thus, with the binomial series expansion, the right hand side of ( |26|) becomes 



W, Pd) 
(£',£) 



n E(-ir( c((AD '" D) ' A) ) e (^ + 



XeK' n>0 

x,,=o 

(W,A)>0 



Pd) 
(£',£) 



By multiplying all remaining factors, we obtain 



i + E E E KE ' i - A -) e E 



n,- 



fc>o Ai,...,A fc ei<:' K)ez fe »=i 

(W,\ k )>0 n t >0 



,1=1 



with coefficients 6(A) indexed by lattice vectors A := Yli=i n i^i- By Z-linearity, A G K' 
with = 0. Further, since the Aj satisfy the Weyl chamber condition (A, W) > and 
the iii are non-negative, each A also satisfies (A, W) > 0. Comparing coefficients with 



gives 



a 



C 



e pi + 



(<r, Pd) 
(£',£) 



+ e(Pi) Yl fo (A)e(A^ + 



xeK' 

(W,A)>0 



(a, \ D + p D ) 



As the left hand side is constant, it follows that Pd = and further that \p = for all 
A. Whence Xd = for all those A, which contribute non-trivial factors to the Borcherds 
product f )26|) . Thus, re-inserting into the right-hand side of f l26|) we get 



lim ~ f (T,<T) = Ce(p t ) TT (l-e(A,)) 



c(0,A) 



(VK,A)>0 



Since A = \nl is contained in K', it follows that A = Ke% = —C,k£, with kgQ. By the 
Weyl chamber condition, < S(— (k) = Thus, k > 0, as claimed. □ 



Remark. ^4 different approach for proving theorem \9.1\ is to consider the Borcherds lift 
f) on a fixed one-dimensional boundary component. Evaluating this at the image 
a(oo) of the point at infinity, see f JT5|) . we can, due to lemma \JJ^ obtain the value of 



lim-r-^oo Hf(r, a). This approach is used in the author's thesis FTBJ . 
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10 Modularity of Heegner divisors 



In this section, we give an analogue of Borcherds' result on the modularity of Heegner 
divisors in the case of modular surfaces for orthogonal groups from [I] . A result similar 
to our theorem 110.11 below, has been obtained independently by Liu in [TJ], using rather 
different methods. 

Let C[L'/L][g _1 ] be the space of Fourier polynomials (including constant terms) and 
C[L'/L] [[(?]] the space of formal power series. The residue-pairing is a non-degenerate 
bilinear pairing between these two spaces, which can be defined by putting 

{f,g}= c(n,P)b(-n,l3), 

n<0 
/3eL'/L 

for / = E A „^c(n, E C[L>/L][q-i] and g = E,, m > K™, {$)<t G C[L'/L][[q]]. 
The space Ai[_ mpL can be identified with a subspace of C[L'/L][g _1 ] by mapping a 
weakly holomorphic modular form to the non-positive part of its Fourier expansion. 
Likewise, the space M.i+m tP * can be identified with a subspace of C[L'/L] [[q]] by mapping 
a holomorphic modular form to its Fourier expansion. 

Using Serre duality for vector-bundles on Riemann surfaces, in jl], Borcherds showed 
that the space •M-\-. mpL is the orthogonal complement of M.i+m, P * L with respect to the 
residue-paring { , }. Since the pairing is non-degenerate and A^i +mjP * has finite di- 
mension, M.i +mp * L is also the orthogonal complement of .Mi+ m ,p*. In particular, the 
following holds. 

Lemma 10.1. A formal power series ^2B^2 n>0 b(n, (3)q n Z/3 6 C[L'/L] <g) C[[q]] is the 
Fourier expansion of a modular form g e M.i+ m , P * L if and only if 

E <n,0)b(-n,P) = O 

PeL'/LneZ+q{P) 
n<0 

for every f = J2 n ,p c ( n > P)Q n *P G M[_ mjPL . 

By a result of McGraw, [15J, the spaces A^i_ m „ and -Mi+ m , p * have bases of modular 
forms with integer coefficients. Thus, a statement analogous to lemma 110.11 holds for 
power series and modular forms over Q. Moreover, it suffices to check the vanishing 
condition for every / with integral Fourier coefficients. 

Consider CE 1 (X T ), the first Chow group of Xr- Recall that CH 1 (Xr) is isomorphic 
to the Picard group Pic(Xr). 

Let 7r : X r — > X r be a desingularisation and denote by B = 13 (Xr) the group of bound- 
ary divisors of X T . We now consider a modified Chow group, the quotient CH 1 (X r )/i3. 
Put (CU\X T )/B) Q = (CH\X T )/B) ®z Q 

Denote by Ck the sheaf of meromorphic automorphic forms on Xr. By the theory of 
Baily-Borel, there is a positive integer n(T), such that if A: is a positive integer divisible 
by n(r), the sheaf Ck is an algebraic line bundle and thus defines an element in Pic(Xp). 
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The pullback of Ck to Xr defines a class in CH 1 (Xr)/S, which we denote ci(Ck). More 
generally, if k is rational, we choose an integer n such that nk is a positive integer 
divisible by n(T) and put ci(C k ) = ^Ci(C nk ) G (CH 1 (X r )/^) Q . 

As the Heegner divisors are Q-Cartier on X-p, their pullbacks define elements in the 
modified Chow group (CH 1 (Xr)/13)q. 

Theorem 10.1. The generating series in Q[L'/L)[[q\) <g) (CH 1 (X r )/-B) Q; 

A(r) = Cl (£_ 1/2 ) + ]T ^ 7r*(H(-n,/3))g% 

BeL'/L n&+q(/3) 
n>0 

is a modular form in M.i+ m , p * L with values in (C'R 1 (Xy)/B)q, i.e. A(t) is contained in 
M l+m , pl ® (CH^X^/^q. 

Proof. This follows from theorem 18.11 and lemma 110.11 Indeed, by lemma 110.11 it suffices 
to show that 

c(0,0) Cl (£_ 1/2 )+ S c(n,/3)7r*H(n,/3)=OG(CH 1 (X r )/i3) Q , 

/3eL'/L neZ+q(/3) 
n<0 

for every / = J2 n 8 c(rz, /3)g ra c^ in A^i_ m pj . with integral Fourier coefficients. But this 
follows immediately from theorem I8.1[ as the Borcherds lift 2/ of / is an automorphic 
form with divisor \ g c(n, /3)H(n, (3) of weight c(0,0)/2, i.e. up to torsion a rational 
section of £ c (o,o)/2- D 

Acknowledegements: Much of the present paper is a short version of the author's thesis 
[12] completed at the TU Darmstadt. I am indebted to my thesis adviser, J. Bruinier 
for his insight and many helpful suggestions. 
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